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Beyond the straight-forward use of the Doppler shift in the measurement of the linear velocity of an approaching object, it is also possible to exploit the Doppler shift to measure its transverse velocity, v. Key to this latter application is that an illuminating beam di↵usely scatters from the translating object. Any light scattered away from the angle of reflection undergoes a change in its transverse momentum. Scattered light detected at such an angle has a frequency shift determined by the transverse velocity of the scattering surface. For example, if the particle is illuminated at incident angle ↵ and viewed at normal incidence, then the Doppler shift is reduced from the linear case and is given by ! = sin ↵ k o v, where k o = 2⇡/ . If two beams are incident at ±↵, as shown in Fig. 1a , the Doppler shifts are in opposite directions and interference between the two beams at the detector gives a time-dependent intensity modulation in the back-scattered light of ! mod = 2| !| = 2 sin |↵| k o v. This technique is commonly referred to as laser Doppler velocimetry [1] .
Exactly the same expression for the intensity modulation in the back-scattered light can be obtained by considering the scattering particle translating through the fringe pattern created by the interference of the two plane waves incident at ±↵. Whereas the Doppler shift is an explanation of this e↵ect in the frequency domain, the periodic modulation in scattered light as the particle traverses high and low intensity regions of the fringe pattern (where the fringe spacing is given by /sin|↵|) is an explanation of the same phenomenon in the time domain.
A rotational analogue to linear Doppler velocimetry was recently demonstrated [2] : the angular velocity of a ⇤ These authors have contributed equally to this work † Electronic address: Graham.Gibson@glasgow.ac.uk spinning disk was measured by observing the modulation in scattered light as it span through a rotationally symmetric 'petal' shaped pattern created by the interference of two beams carrying orbital angular momentum (OAM) of opposite helicity [3] . As in the linear case, this method can also be interpreted in two ways. In the time domain, consideration of the motion of scattering centres around a petal pattern of rotational symmetry N = 2` [4] , wherè is the azimuthal mode number defining the helicity of the beams, results in a modulation in scattered light of angular frequency ! mod = N ⌦, where ⌦ is the angular velocity of the particle. In the frequency domain, the signal is again interpreted as a beat frequency generated by the interference of red and blue Doppler shifted light at the detector [5] [6] [7] . In an analogous way to the linear Doppler shift experienced by plane wave scattering from a translating surface, a beam carrying OAM experiences a frequency shift when scattered from a rotating surface. The helical phase fronts of an OAM beam of mode`result in a Poynting vector that is skewed with respect to the beam axis by an angle = sin 1 (`/k o r), where r is the radius from the beam axis [8] . Light scattered back along the beam axis from a rotating object will be shifted in frequency by ! = sin k o v =`⌦, where v = ⌦r. Two beams with opposite values of`, undergo frequency shifts in opposite directions, and the two components interfere at the detector to give an intensity modulation of ! mod = 2| !| = 2|`|⌦ = N ⌦, equivalent to the above. This situation is shown in Fig. 1b .
OAM beams have also been used to measure the rotation of a chiral object [10] , the tangential component of the motion of Rubidium vapour by observing the broadening of an absorption band [11] , and to structure the phase profile of an illuminating beam before interfering the scattered light with a plane wave [12] . The rotational Doppler e↵ect associated with spin angular momentum has also been used to measure rotation, by observing the The system is adapted from that described in [9] . A solid state laser (Laser Quantum, Opus) provides a trapping beam, which is circularly polarised using a quarter waveplate. A titanium sapphire laser (M 2 , SolsTiS) provides a probe beam. The probe beam is shaped using an SLM (Boulder Nonlinear Systems, XY-Series), and focussed into the sample to the same plane as the trapped calcite particle, with the optical axis collinear with the rotation axis of the particle. In the detection arm a high-speed CMOS camera (Dalsa Genie, HM1024) is used to observe the trapped particle and an amplified silicon photodetector (Thorlabs, PDA36A-EC) monitors the intensity modulation of probe beam light that is back-scattered from the particle (shown in dashed red). A 532 nm block filter and an IR long pass filter prevents any unwanted light from reaching the photodetector.
change in polarisation of light transmitted through a rotating birefringent particle [13, 14] , and change in wavelength of circularly polarised light transmitted through a gas of synchronously spinning molecules [15] .
In this Letter, we demonstrate the use of a structured illumination pattern to measure the angular velocity of a micron sized particle spinning in an optical trap. We generate the pattern by shaping a Gaussian beam holographically [16] into two overlapping beams of opposite helicity that are focussed to the sample. However, the phase profile is unimportant -any method of generating a rotationally symmetric intensity pattern will work. Our technique is quite general, requiring no detailed knowledge of the shape of the particle, or the distribution of scatterers within it, and is independent of the particle's chirality, transparency and birefringence. The only conditions are that the particle must scatter light anisotropically (i.e., it is not a homogenous sphere), be rigid on the timescale of the measurement, and be rotating about a reasonably well defined axis. We explore the fundamental limits of the technique, as the particle size is of the same scale as the di↵raction limited beam waist. In addition, the particle is also subjected to Brownian motion, which a↵ects both the rotation rate and the rotation axis, mak-ing the measurement more challenging. Nevertheless, we show that a rotationally symmetric structured illumination pattern can be used to unambiguously recover information on the micro-scale particle's rotation rate.
Experimental set-up. Figure 1c shows a schematic of the experiment, consisting of an inverted microscope integrated with two optical tweezers of di↵erent wavelengths. We trap and drive the rotation of a birefringent calcite particle at a rate of 20 -30 Hz using a 50 mW circularly polarised single beam optical trap (shown in green) [17] . In order to make a measurement of the rotation rate of the particle independently from the driving beam, we also illuminate it with a lower power (such that it has a negligible e↵ect on the rotation rate, estimated to be less than 1 mW reaching the sample), structured probe beam (shown in red). Figure 2a shows an example of the intensity cross section through these patterns for di↵erent values of N . Light from the probe beam is scattered from the rotating particle back onto the optical axis and imaged onto a photodetector.
Measurements. When trapped, the particle experiences a torque from the circularly polarized trapping beam, hydrodynamic drag from the surrounding fluid, and a stochastic torque due to Brownian motion. The balance of these e↵ects results in the particle rotation rate fluctuating about its mean value. To validate our measurements, we also measure the rotation rate of the particle by tracking its orientation from a sequence of highspeed camera images (10,000 images recorded at 2786 Hz, sample images shown in Fig. 2b ), using the methods described in [18] . The mean rotation rate was measured as 25.6 Hz, and found to vary by a standard deviation of 1.1 Hz owing to stochastic e↵ects.
The calcite particle was positioned approximately 20 µm from other surfaces to reduce the amount of probe beam light scattered from the coverslip to the detector. Figure 2c shows a segment of the time varying signal measured by the photodetector for an N = 2 probe beam. 30 data runs, each consisting of 20,000 measurements at a sampling rate of 20 kHz, were recorded for illumination patterns consisting of N = 0, 2, 4 and 6. In each case the data was Fourier transformed to produce a power spectrum, with the average power spectrum for each petal number N shown in Fig. 3 . Results. The average power spectra show growth in peaks corresponding to N ⌦ (marked with arrows), as found for the case of light scattered from a spinning disk [2] . The power spectra also feature frequencies other than at N ⌦ because the photodetector signal is not purely sinusoidal. There are no other resonant signals present, i.e. all pronounced peaks in the power spectra are harmonics of the particle's fundamental rotation rate, due to the fact that our system is heavily over damped. However, it is the scaling of the magnitude of the harmonic at N ⌦ with N that provides a signature of rotational motion.
The presence of harmonics at frequencies other than N ⌦ (and in particular the presence of the lower harmonics we observe) is predicted by considering the rotation of the particle in the presence of Brownian mo-tion. First consider a particle rotating about a fixed axis. We take the particle rotation axis as the origin, which is not necessarily perfectly coincident with the centre of the illuminating light. We can expand the complex amplitude of the light illuminating the particle, u, as a Fourier series in cylindrical coordinates: u(r, ) = P 1 n=0 u n (r)e in , where r is the radial coordinate, is angular coordinate, and n the mode number of the expansion. The particle will scatter this light in a spatially dependent manner. We can express the scattered field as s(r, , t) = u(r, )f (r, '(t)), where f is a function that depends upon the properties of the scatterer, such as its geometry and reflectivity. Function f also encodes the orientation of the particle at time t, which is given by '(t) = 0 ⌦t + ✓(t). Here 0 is the initial orientation of the particle, ⌦ is the average angular velocity as above, and ✓(t) is a zero-average fluctuating angle, driven by Brownian motion. We can also expand f as a Fourier series in cylindrical coordinates,
, where m is the mode number of the expansion. The measured photocurrent i(t) is proportional to the intensity of the backscattered light integrated over the on-axis detector area A (here we assume A(r) = 1 for a radius r less than the radius of the detector, and 0 otherwise). Therefore, the expected frequency spectrum, S N (⌫), of the detector signal for light scattered by a particle illuminated with a probe beam with N petals, can be found from the Fourier transform of the autocorrelation function of i(t), using a di↵usion model for Brownian motion [19] . This results in
Here ⌫ is the angular frequency of the power spectrum, T is the length of the measurement, D is the rotational di↵usion coe cient of the particle, and q is the azimuthal mode number of each expansion (equivalent to the harmonic number in Fig. 3 ). Equation 1 indicates that we can expect peaks in the power spectrum at harmonics of the rotation rate, as observed. G(N, q) contains information about the angular Fourier components of the scatterer f , and of the illuminating beam u. It encodes the weighting of each harmonic: the greater the overlap integral between angular Fourier components of f and u, the greater the power in harmonics of those modes. Therefore, as would be expected, the shape of both the light field and the particle itself play a role in determining the spectra. By illuminating with an intensity pattern of a defined rotational symmetry N = 2|`|, we e↵ectively boost the overlap integral between the particle and the light field at mode |`|. It is because of this that we observe a significant increase in the power in peaks at N ⌦, shown in Figure 3 . Any small aberrations in the illuminating probe beam, or slight misalignments between the rotation axis of the particle and the optical axis of the probe beam, which will occur as the particle is buffeted around by Brownian motion, act to broaden the Fourier components of u (when decomposed about an origin taken as the particle's current rotation axis), and result in a spread of power into nearby harmonics. As the size of each peak is governed by the overlap integral of u and f , even a small amount of optical power into a neighbouring mode can result in large harmonics, if the corresponding Fourier component of f has a large amplitude.
Our analytical model also captures another aspect of the e↵ect of Brownian motion on the measured spectra, given by the Lorentzian term in square brackets in Eq. 1. As the particle rotates, it experiences a stochastic Brownian torque causing the rotation rate to fluctuate with a characteristic variance. These fluctuations cause a spread in each peak of the power spectrum, an e↵ect that becomes increasingly severe for higher frequency harmonics, as can be seen from Eq. 1. The Lorentzian term modulates the shape of each harmonic so that the width increases as ⇠ q 2 , and hence the height decreases as ⇠ q 2 . We clearly observe this e↵ect in our measured spectra in Fig. 3 . Therefore, even if power is spread symmetrically into adjacent harmonics, the resultant spectral density of the peaks is asymmetric, resulting in the magnitude of harmonics higher than N ⌦ rapidly falling o↵. In our experiment, increasing N also increases the diameter of the petal pattern, therefore reducing the overlap integral with the particle, and hence the power in the rotational Doppler shift peak.
The presence of the additional harmonics in the power spectra can also be understood in the frequency domain: a spread in the OAM mode content will result in a di↵erent Doppler shift for each mode, as each is incident from a di↵erent angle . Interference between all combinations of these frequencies at the detector results in the harmonics in the power spectrum.
In summary we have shown that it is possible to use rotationally symmetric structured illumination to measure the rotation rate of a microscopic calcite particle spinning in an optical trap. As the rotational symmetry N of the probe beam is varied, we observe a significant increase in power at the harmonic at N ⌦, and it is this scaling which provides a signature of rotational motion. We also show how additional harmonics in the power spectra arise from any small misalignments between the beam and rotation axes, and the e↵ects of Brownian motion. We have demonstrated this measurement on a particle of five orders of magnitude smaller in size than that used in the recent demonstration of angular velocity measurement on a macro-scale spinning disk [2] . Our work shows the method to be robust to Brownian noise, and allows us to distinguish the rotation of the particle from the fluctuations arising from linear motions. As our measurements are performed using a photodetector, our technique may also be important in discerning the high-frequency motion (beyond video tracking rates) of particles that are trapped at low pressure where translational resonances are also present, a field attracting significant interest due to its applications to mesoscale preparation of quantum state objects [20] .
